We consider the application of a basic principle of quantum theory, the tracelessness of a certain class of hamiltonians, to the precision spectroscopy of the molecular hydrogen ions. We show that it is possible to obtain the spin-averaged transition frequencies between states from a simple weighted sum of experimentally accessible spin-dependent transition frequencies. We discuss the cases H + 2 and HD + , which are distinct in the multipole character of their rovibrational transitions. Inclusion of additional frequencies permits canceling also the electric quadrupole shift, the Zeeman shift and partially the Stark shift. In this context, we find that measuring electric quadrupole transitions in HD + is advantageous. The required experimental effort appears reasonable.
The precision spectroscopy of isolated molecules is making strong advances thanks to novel techniques of trapping, cooling and manipulation. One family of molecules, the molecular hydrogen ions, is particularly attractive because their transition frequencies can be calculated ab initio with a precision that challenges current experimental approaches [1] .
The comparison of theoretical with experimental frequencies allows extracting the values of certain fundamental constants, such as the electron-to-proton mass ratio and the Rydberg constant [2] [3] [4] [5] . In this endeavor, one is faced with the problem that the theoretical frequencies are not just given by the solution of the Schrödinger three-body problem, but include relativistic and QED contributions, as well as spin-dependent contributions. In addition, the experimentally measured frequencies are perturbed by external fields whose strength cannot always be determined accurately enough.
The spin-dependent contributions can be calculated and, in fact, the accuracy of the calculation has made impressive progress in recent years [6] . Nevertheless, it will become harder to push the accuracy further. Thus, it is worthwhile to consider whether there are experimentally viable approaches to determine the (not directly observable) spin-averaged transition frequency from a combination of measured transition frequencies. The solution to this query makes use of the mathematical property of a class of hamiltonians, the tracelessness. In atomic physics, this approach is well-known; here the computed "center of gravity" of the fine-structure or of the hyperfine structure of a level is often considered. In the field of metrology it is for example used to characterize the helium isotope shift [7] .
We further consider an important subset of systematic shifts affecting the transition frequencies. When the shifts are small, so that first-order and second-order perturbation is applicable, their mathematical structure is such that an appropriate average over them vanishes exactly. This principle was recently implicitly used by Karr et al. [8] in an analysis of promising transitions for the precision spectroscopy of H + 2 . Here we illuminate the principle from a broader perspective and show the close relationship to the concept of the spin-averaged transition frequency determination.
Composite frequencies being at the focus of the present work, it complements our previous discussion [9] , in which we considered the combination of different rovibrational transitions for the cancellation of systematic shifts. Here, individual rovibrational transitions are considered.
The paper is structured as follows. In Sec. I we derive cancellation conditions from the tracelessness of the hamiltonian. In Sec. II it is shown that they lead to the possibility of determining the spin-averaged frequency via the combination of a set of electric-dipole transitions. In Sec. III the conditions for cancellation of three types of systematic shifts are derived: linear Zeeman shift, quadratic Zeeman shift, and electric quadrupole shift.
A fourth systematic shift, the Stark shift, can be partially canceled, since its tensor part is canceled whenever the quadrupole shift is. In Sec. IV we state how spin contributions and shifts can be simultaneously canceled. In Sec. V we apply the general discussion of spin structure cancellation to the molecular hydrogen ions H + 2 and HD + . In Sec. VI we show that an obvious extension leads to cancellation of the linear Zeeman shift as well. Further shifts can also be canceled by including more transitions. Subsequently, the general method from Sec. IV is applied. For each approach, the systematic shifts stemming from the un-cancelled perturbations are evaluated and discussed, leading to estimates for the achievable residual shifts. In Sec. VII we discuss a more efficient approach for canceling both spin-structure and systematic shifts. Sec. VIII draws the conclusions.
I. CANCELLATIONS: ELEMENTARY CONSIDERATIONS
Consider a complete set {|ψ i } of basis states, where i denotes the set of quantum numbers uniquely identifying a state, and a generic traceless operator H 1 . The traceless property implies,
The trace can be evaluated in any basis. In particular, we can choose a set of basis states that diagonalizes the operator, its eigenstates.
Consider now the operator H 1 to be a contribution to the total hamiltonian H. The tracelessness of H 1 then yields a relationship between the energy contributions E 1 ξ :
where d ξ is the degeneracy factor for those states having the same energy contribution E 1 ξ , and ξ denotes the set of quantum numbers identifying the different energy levels. The expression implies the existence of positive and negative energy contributions.
Often, one is concerned with states that are characterized by a total angular momentum quantum number, J, and a magnetic quantum number, J z . We may choose these states as basis states. In case of rotational invariance of the hamiltonian H 1 , its expectation values are independent of J z . In this case the above expression takes the form 0 = Tr(H 1 ) = n,J (2J + 1) ψ n,J |H 1 |ψ n,J ,
where 2J + 1 is the magnetic degeneracy factor, and n denotes all other quantum numbers necessary to identify the state.
The typical situation in atomic and molecular physics is that the system is described by a total hamiltonian which is the sum of a "dominant" term, H 0 (spin-independent or spin-averaged) and several traceless perturbations, each denoted by H j . The energy of an eigenstate |ψ k of the total hamiltonian is approximated by first-order perturbation theory,
The expectation values are taken for the unperturbed states |ψ 0 k , the eigenstates of the dominant hamiltonian H 0 . In fact, the quantum numbers for a state k can be written more explicitly as p, m, where p refers to the set describing the state space of the dominant hamiltonian, and m to the space of the perturbation hamiltonian. The trace condition is
When we perform spectroscopy, we measure energy differences
The question we pose is whether a combination of such energy differences, provided they are experimentally accessible, allows to determine the dominant contribution E 0 k − E 0 k , which may be of interest. To this end, we consider a linear combination of transition frequencies, the "traceless" frequency f t , of the form
with (positive or negative) weights α. This ansatz is successful, if the three conditions hold: Then, eq. (6) simplifies to
where we have made use of the tracelessness, 0 = m E j p ,m = m E j p,m .
II. CANCELLATION OF SPIN STRUCTURE CONTRIBUTIONS
Generally, the effective spin hamiltonian, comprising fine-structure, hyperfine structure, and interaction of the electron with the nuclear quadrupole moment, may be expressed as a sum of traceless operators,
where
are some irreducible tensors of spin or orbital operators and dot is a tensor scalar product
A first example is the spin-orbit interaction E j (L · s j ), where L is the operator of the total orbital angular momentum and s j is the spin operator of particle j. A second example is the tensor quadrupole interaction,
This form is provided by the spin-dependent part of the Breit-Pauli hamiltonian. Higherorder corrections enter either as corrections to the coefficients of the already existing interactions, or as new, more complicated irreducible tensor (traceless) interactions, or they contribute to the spin-averaged part of the energy of a state.
If the system is composed by three particles with spin, we introduce the two-particle spin operator F = s 1 + s 2 , and the three-particle spin operator S = F + s 3 , which generally do not commute with the total hamiltonian. The total angular momentum, J = S + N, does commute with H, and J, J z are good quantum numbers. As basis states we can take pure angular momentum states or the eigenstates of the total hamiltonian H 0 + H spin . In both cases we can denote them by |p, F SJJ z . In the latter case, the numbers F, S are chosen as the integers closest to the numbersF ,S resulting from the expectation values The following sum rule holds for the traceless spin hamiltonian:
The sum is over all spin states. The proof is straightforward because it is fulfilled for each individual term in eq. (8) [10] .
We now consider transitions and show how the traceless frequency eq. (6) can be implemented.
A transition frequency between two particular spin states of two rovibrational levels is
In E1-allowed transitions, F = F , S = S do not change, but the values must nevertheless be included to uniquely identify the state.
The following quantity vanishes,
where the sum is over all E1-allowed transitions between levels p and p .
The proof is as follows. The E1 selection rule is J → J = J, J ± 1. If J = 0, then J = 1.
We use the obvious relation 
which vanishes on account of tracelessness, eq. (9). Thus, the traceless frequency constructed from all E1-allowed transition frequencies
is equal to the spin-averaged transition frequency f 0 (p → p ). Here, M = (F SJ)→(F SJ ) (2J + 1) is a normalization factor. In Sec. V B below, we show an example of the set of transitions that are included in the sum.
When E1 transitions do not exist, the treatment must be modified, see Sec. V C below.
III. CANCELLATION OF SYSTEMATIC SHIFTS
A. Linear Zeeman shift and electric quadrupole shift: a simple model
We now consider a simple example: a quantum system possessing angular momentum J and an electric quadrupole moment, exposed to an external magnetic field B pointing along the z-axis and to an external electric field gradient V zz . Assume the magnetic and electric quadrupole perturbation hamiltonian to be of the form
Both contributions are traceless. 
which holds independently of the specific values of J (integer or half-integer), g, d (and thus of the specific level p) and of the field strengths |B|, and V zz .
The following examples illustrate how to include this sum rule into the traceless frequency.
In Fig. 1 (a-c) we show schematically some energy levels of the total hamiltonian, a lower 
The specific cases (a-c) can easily be generalized to higher values of J and J = J + 1. However, in these particular cases having J = 1/2, the EQ interaction in the lower level vanishes, so effectively only three interactions are canceled.
The cases J → J = J are trivial, therefore only one example is shown, panel (a), right-hand side.
We emphasize that the presented scheme for nulling the effects of the Zeeman and quadrupole shifts is not unique. Other types of combinations of transition frequencies are possible. Specifically for H + 2 , Karr et al. [8] have considered a combination of frequencies involving two different angular momentum sub-spaces in one of the two levels (see also below).
Such other combinations can be more efficient, requiring a smaller number of transitions to be measured. The EQ interaction between an external field gradient and the electronic plus nuclear charge distribution has the form
where the r.h.s. is an irreducible tensor operator of rank 2. This hamiltonian is traceless.
Its effects are evaluated in first-order perturbation theory, due to the smallness of the field gradient occurring in experiments. The hamiltonian can be replaced by [11] 
The first-order energy shifts of a given state (p, F SJ) are E EQ p,F SJ ∝ J(J + 1) − 3J 2 z , the same as for the simple model above.
The Stark shift arises from light fields and trap fields. In general, it has a scalar, vector, and tensor contribution [12] (see eq. (5) in ref. [13] for the formal expression for the static Stark shift). The tensor contribution has the same dependence on the angular momentum quantum numbers as the EQ shift. Therefore cancellation of EQ shift implies cancellation of the tensor Stark shift.
In real systems, the interaction with the external magnetic field is not of the form eq. (14) .
Instead, in general,
This hamiltonian is traceless, and furthermore commutes withĴ z . We can take advantage of the structure of the magnetic shifts that occur in first order and in second order in B z and incorporate them into the traceless frequency.
In first-order perturbation theory,
The LZ shift is proportional to J z by virtue of the Wigner-Eckhart theorem.
At today's desired precision levels, it is insufficient to consider only the LZ shift. It is necessary to also consider the quadratic Zeeman (QZ) shift, which according to second-order perturbation theory is
for a state state |p, F SJJ z . The sum goes over all spin-structure states (F S J ) but is limited to states in the same level p. Also, J z = J z since H mag commutes with the operator
while the numerator is symmetric, it follows that for any given J z
The sum over the quadratic Zeeman shifts of all spin states in a given rovibrational level p and having a given J z is zero. This sum rule does not contain any degeneracy factor since J z is fixed.
Note that there exists only one state having J z = J max = F + S + N and one having
. These states therefore do not exhibit a QZ shift.
IV. COMBINING SPIN STRUCTURE CANCELLATION WITH SYSTEMATIC SHIFT CANCELLATION
The standard situation in the description of the molecular hydrogen ions is to consider the spin structure contributions and systematic shifts for each rovibrational level p, independently of the others. This is a good approximation because both types of contributions are very small compared to the energy difference to neighboring rotational levels of the same vibrational level and even smaller compared to the energy difference to neighboring vibrational levels. The hamiltonians H j of the perturbations therefore are effective hamiltonians,
i.e. they contain parameters that depend on the concrete level p:
Given an arbitrary basis of spin states q for the particular level p, one can set up the hamiltonian matrix
and diagonalize it in order to find the eigenstates m and the eigenenergies E pert p,m . Because each contribution in H pert (p) is traceless, we have the sum rule
We emphasize that this sum rule refers to the "exact" total perturbation shifts, to all orders in any perturbation parameter, e.g. the magnetic field strength or electric field gradient strength.
Since it is permissible to consider various orders of a particular perturbation, e.g. the linear Zeeman shift and the quadratic Zeeman shift, there necessarily follow separate sum rules for these orders. Some of these have been already given above. Indeed, for practical reasons it is useful to take this point of view: in precision spectroscopy, one strives experimentally to make as many of the perturbations as small as possible, so that the dominant contribution to H pert is the spin structure H spin . The other perturbations are then treated in first-order perturbation theory with respect to the eigenstates of H spin , and only occasionally also second-order perturbation theory is applied. The advantage of this approach is that the perturbation energy of a state (p, m) can then be written as a sum of contributions, and the total energy is
Here, m corresponds to F SJJ z . The spin interaction is treated exactly (by diagonalization), while the Zeeman interaction is treated to second-order perturbation theory (LZ, QZ), and the EQ interaction only to first-order perturbation theory. All perturbations come with their own sum rules, which have been presented above. They do differ in form:
• the LZS can be nulled, for any particular F SJ, by summing over all J z , or pairwise over J z and −J z .
• the EQS can be nulled, for any particular F SJ, by summing over all J z .
• the QZ shift can be nulled, for any fixed J z , by summing over all states F SJ containing this Zeeman state.
• The spin structure contributions can be nulled by summing over all states F SJJ z , or over all states F SJ with J z = 0.
Although these sum rules differ, not surprisingly they can nevertheless be incorporated together in a traceless frequency as in eq. (6), by defining
A sum over all possible transitions m → m is taken, with the following restrictions:
( in each panel, their total weight is always 1/3. Thus,
Thus, the traceless frequency defined in this way is equal to the unperturbed (spin-averaged) frequency f 0 . This scheme is generally applicable, but variations can be more efficient in terms of minimizing the number of transitions to be measured, and will be discussed below.
A. Special cases
For systems with integer J, there exist the J z = 0 → J z = 0 Zeeman components.
Measuring only these for the traceless frequency leads to zero total LZ shift.
Similarly, for systems with half-integer spin, the two Zeeman components J z = 1/2 →
In the mean frequency of these two components the LZ effect vanishes, for each hyperfine transition F SJ → F S J .
Such traceless frequencies will have a well-defined, nonzero EQ shift and QZ shift. We shall take up this again in Sec. VI A. 
The spin-averaged frequency f spin−avg (corresponding to f 0 above) depends only on v, N , v , N . Currently, it can be computed with a fractional inaccuracy due to theory at the 1×10 −11 level, for both vibrational [1] and rotational transitions [5] . The second contribution is the spin-structure (hyperfine) shift h f spin = E spin vN,m − E spin v N ,m due to spin interactions. The effective spin hamiltonian H spin has been derived within the Breit-Pauli approximation [14, 15] . It contains a set {E q } of (v, N ) -dependent coefficients , The number of coefficients in the set is up to 9 for HD + and up to 5 for H + 2 . The inaccuracy of the ab-initio calculation of the set of coefficients is the dominant source of the theoretical inaccuracy of f spin , at present [6] .
In general, the spin energies of a state are obtained numerically by diagonalizing the spin hamiltonian. For HD + , only a few particular states have energies expressible in explicit form. This is the case for the stretched states (states of maximum total angular momentum, J max = N + 2, and maximum total angular momentum projection, |J z | = J max ), for which (see eq. (6) in [16] ),
where E q = E q (v, N ) are the coefficients of the effective spin Hamiltonian [14, 16] . This expression is helpful in showing how any theoretical inaccuracy of the E q will affect the inaccuracy of the overall transition frequency f .
Since the present considerations are independent of the particular vibrational levels, we shall often omit the mention of v, v in the state designations when they are not essential.
B. The molecular ion HD + Each state of HD + is uniquely defined by the quantum numbers p: (v, N ) and m: (F SJJ z ).
As introduced in Sec. II, F is (approximate or exact) spin of the electron -proton pair, S is the (approximate or exact) total spin of the three particles, and J is the (exact) total angular momentum quantum number of the molecule.
Before proceeding we note that the tracelessness property of the Breit-Pauli interaction hamiltonian and the sum rule for the QZ shifts are relationships that can be verified on computed energy shifts in order to check for correctness of the computation [17] .
Let us initially ignore the external-field shifts. A general argument allows us to find the weights α for the traceless frequency. For simplicity, we assume zero magnetic field and electric field gradient, so that the states are degenerate in J z , and we omit this quantum 
Here, the number of states in the lower level is N = 12.
Explicitly, the traceless frequency is (with the arbitrary vibrational quantum numbers v, v reintroduced)
The summation is limited to the 10 strong transitions (the colored lines in Fig. 2 States are denoted by |v, N, I, F, J , where I is the (exact) total nuclear spin quantum number, and F is the (approximate or exact) total particle spin angular momentum quantum number.
Rovibrational levels with even N = 0, 2, 4, ... are para levels with zero total nuclear spin I = 0. The total particle spin angular momentum is F = 1/2. The spin hamiltonian reduces to the spin-rotation interaction, H In the case of odd N = 1, 3, ... the molecule is in an ortho (I = 1) state and the total particle spin angular momentum is F = 1/2 or F = 3/2. The number of spin levels is higher, 5 for L = 1, and 6 for L = 3, 5, .... Fig. 3 shows the spin structure of the lowest rovibrational levels.
As a homonuclear molecule, H + 2 cannot be interrogated by one-photon electric-dipole (E1) transitions. Therefore, compared to the HD + -case, an adapted discussion is required.
Accessible transitions are two-photon transitions and electric-quadrupole (E2) transitions, already discussed in detail [19, 20] . We consider here only E2 transitions, because they show greater potential than two-photon transitions. . This case must be treated carefully. We now discuss the cases of transitions between para states and between ortho states separately.
Para-H + 2
The spin states of para levels (I = 0) are simple, pure angular momentum states,
For transitions with N → N = N , the traceless frequency is the weighted sum of two frequencies (f − , f + ) corresponding to ∆F = 0, ∆J = 0 -transitions, which are shown as orange arrows in Fig. 3 :
Here, J ± = N ± 1/2. The weights of f − and f + are N/(2N + 1) and (N + 1)/(2N + 1), respectively. The traceless frequency eliminates the effect of the two relevant spin structure coefficients, c e (v, N ) for the lower level and c e (v , N = N ) for the upper level.
If one wants to address levels with N = 0 one must take into account that transitions with N = 0 → N = 0 are forbidden. In this case, the traceless frequency is the weighted sum of two transitions with ∆N = +2 (or −2), which start or end at a common single state. Now, the two transitions, denoted byf − ,f + have ∆J = 1 and ∆J = 2, respectively. We consider the case N = 0, N = 2, which is indicated as green arrows in Fig. 3 . The spin energy of the N = 0 -level is zero, therefore
= f spin−avg .
The weights off − andf + are 4/10 and 6/10, respectively. The traceless frequency eliminates the effect of the single spin coefficient present in the problem, c e (v , N = 2) for the upper level.
Ortho-H + 2
For transitions between ortho levels (I = 1) we shall limit ourselves to the case N → N = N , which we consider the most experimentally relevant at this time. Thus, the spin structure . It will be discussed next.
H + 2
Cancellation of LZ shift in the traceless frequency is implemented, for H The EQ shift in para states of H + 2 was computed using 40) in [11] and Eqs. (10, 25) in [12] .
In the table, we recognize two cases in which the QZ shift is zero (underlined). Clearly, these are the transitions of choice. For an electric field gradient assumed to be V zz 0.07 GV/m 2 , the shift of these two transitions is 5 Hz ( 1×10 With the options given by Tab. II it is easy to consider the combination of two transitions,
, with the weights satisfying the condition β i 1 + β i 2 + . . . transitions. The EQ shift was computed following Ref. [11] . For the electric field gradient 
B. Largely complete cancellation -general method
According to the general formula eq. (20) we can combine the spin structure cancellation (which did not consider the individual Zeeman components J z → J z ) with a cancellation of the Zeeman and EQ shifts. This will typically require to increase substantially the number of Zeeman components to be measured, eq. 17. Table I, Fig. 1 (a,b,c) we find the weightsα in the traceless frequency f pert−free t , to be assigned to the transitions connecting to the different F SJ, F S J states. Table IV shows two cases, J z = −1, and J z = 0. It is seen that the QZ shift stemming from all transitions to each of these states is indeed nulled. The same results holds also for the contributions arising from the other J z and J z states.
Thus, f pert−free t is free of QZ shift.
The EQ shift is canceled in the summation over all J z and J z . This also cancels the tensor Stark shift, but not the scalar Stark shift. It affects all spin states of a given rovibrational level equally. It is nonzero for all values N and is v, N -dependent [12] . Table V For the (0, 0) → (1, 2) transition, among the allowed Zeeman components we select those five having the smallest LZ shifts. They are marked with red circles and arrows in Fig. 1 (d,e) . We make the ansatz:
The transitionsf − ,f + are indicated in Fig. 3 . The spin-structure contributions cancel for any value of the weights α, β, γ. They are determined by imposing the vanishing of the LZ shift, the QZ shift, and the EQ shift. The result is shown in Tab For the (0, 2) → (1, 2) transition, among the allowed Zeeman components, those having J z → J z = J z exhibit very small LZ shifts (< 15 Hz/G) and small QZ shifts (< 1.2 kHz/G 2 ).
We choose them for the ansatz:
The transitions f − , f + are indicated in Fig. 3 . The result of the external-field shift cancellation is reported in Tab. VI. This is an especially attractive transition, since the 
C. Note
Karr et al. [8] proposed the following composite frequency for nulling of LZ, QZ and EQ shifts of the (v = 0,
A short-hand notation has been used to indicate the average of a Zeeman component pair.
These 6 Zeeman components are marked with brown circles in Fig. 1 (d,e) . The number is smaller by 4 (2 pairs) compared to the general approach but larger by 1 compared to the optimized method. Cancellation of the spin structure contributions was not imposed. We also showed that "economic" combinations of transition frequencies, f opt t , can also provide both spin structure and external-field-shifts cancellations.
A more limited case is spin-structure-shift cancellation and nulling of the LZ shift transitions need to be measured in order to cancel the spin structure of a vibrational transition. Moreover, these levels are very suitable for spectroscopy because they contain only a single or two spin states, respectively, so that their preparation is simplified [21] . Third, some of the Zeeman components exhibit very small systematic effects already for individual Zeeman components [8, 9] . Two particular combinations of 4 Zeeman transitions cancel both the LZ and the QZ shift, leaving as dominant shift the EQ shift of approximately 1 × 10 −14 in the more advantageous of the two. If in addition the EQ shift is to be removed, 5 transitions are to be measured, leading to a residual (Stark) shift of 1 × 10 −16 .
For HD + the implementation effort is, at first sight, larger, because of the more complex spin structure: for example, 10 Zeeman components need to be measured in order to extract the spin-averaged frequency of the fundamental rotational or vibrational transition.
However, with proper choice of the Zeeman components, the LZ shifts are canceled with the same number of transitions. We have proposed to use a E2 transition, and again 10 Zeeman components, so as to reduce the other systematic shifts to the low-10 −13 level. This level is comparable to that arising from black-body radiation at 300 K, since the r.m.s. electric field assumed here is similar to that produced by the radiation at this temperature.
The above discussion has treated explicitly the cases of small rotational angular momenta Finally, we emphasize that the concept of traceless frequency is valuable and can be applied irrespective of future progress in the ab initio theory of the spin hamiltonian. Of course such progress is important, allowing experimental tests of the higher-order-in-α-corrections to the spin hamiltonian coefficients by probing individual spin components. Concerning experimental feasibility of the present proposal we remark that already in Ref.
[3] a large number (11) of hyperfine components of a particular rovibrational transition were measured. Thus, the experimental effort necessary to determine traceless frequencies appears manageable.
